ON THE ASYMPTOTIC BEHAVIOUR OF THE 
EIGENVALUES OF A ROBIN PROBLEM 



DANIEL DANERS AND JAMES B. KENNEDY 

School of Mathematics and Statistics 
University of Sydney, NSW 2006, Austraha 

' D.Daners@maths.usyd.edu.au 

. J.Kennedy@maths.usyd.edu.au 

o 

, Abstract. We prove that every eigenvalue of a Robin problem 

(-^ ' with boundary parameter a on a sufficiently smooth domain be- 

^SJ . haves asymptotically like —c? as a — > oo. This generalises an 

existing result for the first eigenvalue. 

< 

■ 1. Introduction and Main Results 

We are interested in the eigenvalue problem 

—An = \u in f2, 

> ■ — = au OTv o\l 

OO : 

where we assume ^2 C is a bounded domain, that is, a bounded 
. open set, without loss of generality connected, and a > 0. The problem 

fll.ip is usually referred to as a Robin problem (in comparison with the 
case a < 0) or sometimes as a generalised Neumann problem. This 
problem has received considerable attention in the last few years; see 
for example [H IH El El El El HO] and the references therein. It is well- 
known that if n is Lipschitz then there is a sequence of eigenvalues 
^ ■ Ai < A2 < . . . ^ cxD, which we repeat according to their multiplicities. 



(N 

o 



■ where Ai < is simple and is the unique eigenvalue with a positive 

eigenfunction ^/^i. Our main result is as follows. 

Theorem 1.1. Suppose Q C is a bounded domain of class C^. 
Then for every n > 1 we have 

hm = 1. (1.2) 

It was shown in [8j that for Q piecewise-C^ the first eigenvalue Ai has 
the asymptotic behaviour liminfa^oo ~Ai(a)/a^ > 1, with equality if 
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ary condition |^ = abu, where b G C{dQ,) is a weight function which 
is positive somewhere. In this case, if Q is bounded and C^, then 



dfl is equivalent in some sense to a sphere. It was also observed in [S] 
that when f2 is a ball of radius 1, there are [aj + 1 negative eigenvalues 
of fll.ip . and they satisfy a/— A„(a) ~ a + 0(1) as a ^ oo. It was 
subsequently shown in [10] that in fact 

Alfa) 

lim = 1 (1-3) 

for every bounded and domain Q. Related results have been ob- 
tained in [3 E]. The assumption in (11. 3p is optimal: the authors in 
[8] constructed examples of domains with "corners" for which the limit 
in (II. 3p is a constant larger than one. Such results were generalised 
and further studied in [H]. 

Remark 1.2. One can also consider the same problem with the bound 

> e C 
,se, if 

lim ^i(^) ^ I 
a^oo —a'^^maxQQ by 

(see [Tot Remark 1.1]). It seems the same should be true for A„, n > 1. 
However all we can say at present is that Theorem 1.1 together with 
the monotonic behaviour of A„ with respect to changes in b imply that 

limsup —. — r < 1. 

a^oo -a^(maxano)'' 

We will also prove the following result on the eigenfunctions of (II. ip . 

Proposition 1.3. Suppose Vl C is hounded andC^ . Fix 2 < p < oo 
and let tpn be any eigenfunction associated with A„, normalised so that 
\\i(^n\\Lp{n) = 1- Then 

(i) ipn ^ Q in L^i^J^VL) as a ^ oo; 

(ii) llV'nllL'j(f^) ^ as a oo for I < q < p; 

(iii) ||V^n||L'-(f7) ^ oo as a oo for r > p. 

We will prove Theorem 11.11 in the next section and defer the proof of 
Proposition 11.31 until Section [31 We will use the result of Theorem 11.11 
to obtain Proposition II. 3j however, the former is only needed to show 
that A„(q;) —oo as a — > oo. Proposition 11.31 is valid for Lipschitz 
domains whenever we have this more general asymptotic behaviour. 

2. Proof of Theorem 11.11 

We first discuss the theory related to (II. ID that will be needed to 
prove Theorem 11.11 The form associated with (II. ID is given by 



a{u,v) = / Vu-Vvdx— / auvdx, 
Jn Jdn 

where u,v E H^{Q). We understand eigenvalues A and associated 
eigenfunctions of (II. ip in the weak sense, as satisfying a{ilj,v) = 
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X{ip,v) for all V G H^{Q). Here and throughout ( . , . ) denotes the usual 
inner product on L^(fi). The eigenf unctions ipi,ip2, ■ ■ ■ can be chosen 
orthogonal in L^(fi). To see this, note first that if Aj 7^ Xj for some 
i,j > 1, then a{ipi,ipj) = Xi{i)i,i)j) = Xj{4!i,ipj) implies = 0. If 

instead is a repeated eigenvalue, we may apply the Gram-Schmidt 
process to its eigenf unctions. We also impose the scaling ||V'n||L2(r2) = 1 
in this section. With the eigenvalues ordered by increasing size and 
repeated according to their multiplicities, the nth eigenvalue may be 
characterised variationally as 

^ / N . a(v,v) 

Xn{a) = inf „ ,J ^ , 2.1 

where Mn is the subspace of H^{Q) of codimension n — 1 obtained by 
taking the orthogonal complement of the L^-span of the first n — 1 
eigenf unctions ipi, . . . ,'ipn-i (see [3l Section VI. 1]). If we set f„ := 
V — Yl'i=i then Vn G M„ and so provided f„ 7^ 0, that is, 

provided v is not in the L^-span of ipi, . . . , ipn-i, we may use f„ as a 
test function in fl2.ip to estimate A„ from above. 

We will use this representation, together with an appropriate choice 
of V and an induction argument on n, to prove Theorem ll.il Our choice 
of test function is due to an argument in [5l Theorem 2.3], though 
also cf. [9l Example 2.4]. We will assume throughout that fl C M.^ 
is bounded and C^, although some of the results, including the next 
lemma, are valid for Lipschitz domains with the same proof. 

Lemma 2.1. Let d G M^, = 1 be any unit vector. Set Ud{x,a) := 
^gQx-d g n H^(^[})^ where c = c{d,a) is a constant chosen so 

that \\uii\\L^(^Q) = 1. Then a{uii,Uii) < — for all a > 0. 

Proof. For x G writing x = {xi, . . . ,Xn), we may without loss 
of generality rotate our coordinate system if necessary so that d = 
(0, . . . , 0, 1). In this case ua = ce°^^ and Vua = (0, . . . , 0, cae"^'^). 
Hence 

a{ud, Ud) = c^a^ [ e^"^^ dx - c^a I e^"^'^ da. 
Jn Jan 

We will now use the divergence theorem on V := (0, . . . , 0, e^"^'^) G 
C°°(]R^, M^) and the domain Q (see for example [HI Theoreme 3.1.1]). 
Denoting the outer unit normal to fl by h'nix) = (z/i(a;), . . . , un^x)), 
X G dQ, we have 

^2axN^^^ I ^2ax^^^^^^ f y ■ da 

an Jan Jan 

diYVdx = 2a [ e^'^''^ dx. 
n Jn 
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Multiplying through by a > and combining this with the expression 
for a{ud,Ud) yields 

a{ud,Ud) < -a^(? / e^"^'^ dx = -o? , 
Jn 

where the last equality follows from the definition of c. □ 

Remark 2.2. An easy calculation shows that the function u{x) := e"^^ 
is a positive eigenfunction, with eigenvalue — a^, of (11.11) on the half- 
space T = {x eR^ : Xn < 0}. 

For d G a fixed unit vector and n > 1 also fixed, set m„+i : = 
Ud — ^^=i{ud, G Mn+i- We will use Un+i as a test function in the 

variational characterisation in order to establish (11. 2p . To that end, we 
estimate A„+i in terms of the previous n eigenvalues and functions. 

Lemma 2.3. Suppose Ud ^ span{il)i, . . . , ipn}- Then 

A„+i(aj < — ; -T^ — • (2.2) 

Proof. Since Ud is not a linear combination of the first n eigenfunctions, 
we can use m„+i = Ud — J2^=i{'^d, ^ as a test function in (12.11) . 
A simple calculation using the orthonormality of the eigenfunctions 
shows that 

n 

< (m„+i,M„+i) = 1 - 

1=1 

We now estimate a{un+i,Un+i)- Using the definition of Un+i and the 
bilinearity of the form a, we see that a{un+i,Un+i) is given by 



n 



a{ud, Ud) - 2 ^(wrf, ip,;) a{ud, A) + ^ ^(^d, i^-i)'^a{ipi, ipj). 

i=l 1=1 j=l 

Since a^Udy'ipi) = Xi{ud,4'i), and since a{'(pi,ipj) = Aj if i = j and 
otherwise, we obtain 

n 

a{Un+l,Un+l) = a{Ud, Ud) - ^ \i{Ud, ipi)^. 

i=l 

(Cf. the abstract theory in [71 Section 1.6.10].) Using the estimate of 
a{ud,Ud) from Lemma [2A] and putting everything together yields 

a{un+i,u„,+i) ^ -a^ - Er=i 
A„,+i(a) < -r. < 



establishing ([22]). □ 

Roughly speaking, to prove Theorem 11.11 using the estimate of A„+i 
in Lemma 12.31 we have to prove that we can find a direction d such 
that {ud, ipi) stays small as a ^ oo for all 1 < i < n. To that end we 
will study the functions Ud more carefully. We start by observing that. 
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for any given a > 0, the upper level sets of are restrictions to f2 of 
half-planes of the form {x G : x ■ d > k}, where k G M. The key 
place where we will use the assumption that Q has boundary is in 
parts (iii) and (iv) of the next lemma. 



Lemma 2.4. Let deR^ , IM|| = 1. For keR set 

UJk) 



{x eVL : X ■ d> k}, 
sup{fi: G M : ^/^(/t) ^ 0}, (2.3) 
{x eVL : X ■ d = nj}. 



Then 



(i) the Udin) are open, nested (i.e. Udin) C Ud{n') if k > k'), 
nonempty if and only if k < Hd, o-nd 7^ \Ud{i^)\ ^ as k ^ Hd 
from below; 

(ii) 0j^KdC dQ; 

(iii) if z E Kd, then d = i^niz), the outer unit normal to Q at z; 

(iv) if d ^ e E M^, ||e|| = 1 is another unit vector with Ue{K) 
and Ke defined as in (12. 3p . then there exists e > such that 
Ud{K)nUe{K) = for all n G {nd — e, Kd) and all k G (/tg — e, ^e)- 

Proof, (i) is obvious. For (ii), to show Kd 7^ we note that Kd = 
^K<KaUd{i^), that is, Kd is the intersection of nested, compact and 
nonempty sets. That Kd C dQ is immediate from the definitions and 
the fact that the Ud are open. For (iii), we assume as in the proof of 
Lemma 12.11 that d = {0, ... ,0,1), so that Ud{n) = {x E Q : Xn > i^}- 
Then z = {zi, . . . , zn) G Kd means zn = i^d, that is, zn = max{xN '■ 
X E Q}. Since f2 is C^, this means the tangent plane to f2 at z G Kd 
must be horizontal. Thus uqIz) points in the direction xn, that is, 
^n{z) = (0, . . . , 0, 1). For (iv), suppose for a contradiction that there 
exist Kj y Kd and kj such that, for each j > 1, there exists 

Xj E Ud{nj) n Ue{kj). Since VL is compact, a subsequence of the Xj 
converges to some z eVL. Since Xj E Ud{nj) and r{j>iUd{Kj) = Kd, we 
see z E Kd. By a similar argument, z E K^.. This contradicts (iii) since 
d^e. □ 

We now show that for d fixed, all the mass of Ud becomes concen- 
trated in an arbitrarily small region of f2 as a — * 00. 

Lemma 2.5. Let d E and Ud{x) = ce°'^''^ be as in Lemma \2. 1\ and 
let Ud{K) and Kd be as in Lemma For every e > and k' < Kd 
there exists as := a{e, k!) > such that 

\Wd\\'l2{n\UdW)) < ^ (2-4) 

for all a > «£. 

Proof. Since Ud{x) < ce""' for all x E \ Ud^n'), we have 
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Choose k" G {K',Kd). Then UdW) C f/d(/t') with \Ud{K.")\ ^ and 

1 = WudWhi^) > hdWhi^u^in")) > ce2"'^"|f/d(/«")l- 
For e > fixed, choose > such that 

e'"^^'''|^]| <ee^"^^"\Ud{K")l (2.5) 

which we can do since k' < k". Then (12.51) will hold uniformly in 
a > and so 



\\M\l2{q\u4k')) 

for all a > a^. □ 

Lemma [2.51 implies that for fixed d, Ud ^ weakly in L'^{Q) as a ^ 
oo; it turns out that the same is true of the ipi (see Proposition 11.31) . 
But this is not enough to show directly that {ud, ipi) is uniformly small, 
since both Ud and ipi vary with a. Instead, we will use the following 
rather technical result concerning the Ud- Since this does not use any 
specific properties of the ipi, we set it up so it works for arbitrary LF'- 
functions. 

Lemma 2.6. Fix n > 1 and 5 > 0. Suppose we have a sequence 
ttk ^ oo and for each /c e N a family of n functions (pi{k) G L'^{fl), 
1 < i < n, such that \\ipi{k)\\L2^^^-^ = 1 for all 1 < i < n and A; G N. 
Then there exists a unit vector d G and a subsequence ^ oo of 
the (afc) such that 

n 

Y,{Mki),¥>i{ki)y <S, (2.6) 

i=l 

for all I G N, where Ud{ki) = Ud{x, a^J is as in Lemma \2. 1[ 

Proof. Fix n > 1, (5 > and a sequence — > cxd. Choose m > 1 and 
e > 0, to be specified precisely later on. Now choose any m distinct unit 
vectors dj G M^, 1 < j < m, and for each j let Uj := Ud^{x, ak) be as in 
Lemma [2.1[ For each j choose a nonempty open set Uj := Ud { /t^j) as 
in Lemma 12. 4[ By making an appropriate choice of kj we may assume 
the Uj are pairwise disjoint. Using Lemma [2.51 we find an > such 
that 

II l|2 ^ 

\\''^j\\L'2{n\Uj) < ^ 

for all a > as and all 1 < j < m. By discarding at most finitely many 
k, we may assume ak > o.^ for all A; G N. Now for each A; G N, we have 

„ n n 

\ ^\'^Ak)'^ dx = ^\i^i{k)fi^2i^^^ = n. 

•^^ i=i i=i 
Since the Uj are disjoint, it follows that for each A; G N, there exists at 
least one j = jk such that 



» n 

/ Y.\^^{k)\'dx<^. 

•^^ik i=l 
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For this jk, using Holder's inequality, for each 1 < i < n we have 



\{uj^,(pi{k))\ < / \uj(pi\dx+ / \uj(pi\dx 



. II II ('^\^ i| 



n\i 1 
- +e-\ 

where we have used the bound dx < n/m. We now specify 

m > 1 and e > to be such that 

noting that this depends only on n and 6. Squaring the above estimate 
for I {uj^, (fi{k)) \ and summing over i, this implies that for all but finitely 
many /c G N, fl2.6p holds for at least one of the m fixed Uj. 

By a simple counting argument, there must exist at least one j* 
between 1 and m such that (12.61) holds for this fixed uj* and infinitely 
many ak- This gives us our Ud and (a/cj. □ 



Proof of Theorem The proof is by induction on n. The step when 
n = 1 is given by flU\ Theorem 1.1]. Now fix n > 1 and suppose 
we know that for all 1 < i < n, —Xi{ak)/al ^ 1 as A; ^ oo for 
every sequence — > cxd. It suffices to prove that for every such 
sequence — > oo, there exists a subsequence aki — > oo such that 
-A„+i(afcJ/a| 1 as / oo. 

So fix a particular sequence — > cxd and also fix < 5 < 1. Let 
Ud satisfy the conclusion of Lemma 12.61 for a subsequence which we 
will still denote by (ak), this 6 > and the family of n functions 
i^iioik) ='■ <fi{k) , 1 < i < n. Then by Lemma [2.61 we know that 

n 

J2{M(^k),M(^k))' <S (2.7) 

i=l 

for all /c G N and the fixed direction d. In particular, (12. 7p implies 
Ud ^ spa.n{ipi{ak), ■ ■ ■ , V'nlctA;)} for any k E N, since 6 < 1. Applying 
Lemma 12.31 to Ud for each A; G N, we obtain 

-"fc -Er=i K{ud,i^i)^ 



A„+i(afc) < 
for all /c G N. This implies 



1 - Er=i(«<i'^i)^ 



Using the bound (12. 7p . which holds independently of A; G N, together 
with the induction assumption — Aj(a^)/a^ — 1 as A; — > oo for alH < n 
it follows that the term on the right in (12. 8p converges to 1 as A; ^ oo. 
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This establishes the desired hmit for ~\n+i{.Oik) I Oi\, which completes 
the proof. □ 

3. Proof of Proposition 11.31 

Fix n > 1 and p >2. We first obtain the following interior estimate 
for ipn, from which the proof of the proposition will follow easily. 

Lemma 3.1. Under the assumptions of Proposition lTT^ if if G C^{Q), 
then 

for all a > and all n > 1. 

Proof. Given ip G C^{Q), we will use (/) := (p'^\ipn\'^~'^i^n as a test func- 
tion in the weak form of fll.ip given by 



An / "ipnV dx = a{i/jn,v) = / Vipn ' Vv dx — / ai/jnV da (3.1) 
Jn Jn Jdn 

for all V G H^{Q). We first note that if p > 2, then since tpn £ C{Q) (see 
m Corollary 4.2]) we have G H\n) with V0 = 2ip\ipn\^-'^'ipn'^ip + 
[p- l)(^^|^n|^"^VV'n- Moreover (0,V'„) = J^ !f'^\ipn\^ dx ^ 0, since ipn 
cannot vanish identically on an open set (see |2]). Hence, by completing 
the square, 

V^lpn ■ V0 dx 

= [ 2¥P|Vnr-'V'nV¥P-Vz^„ + (p-l)</^Vnr"'|VV'nrC?X 

Jn 

{p-l)^4jn\^-'^<pV^n + (p- 1)"^|^„|2"V„V(^ dx 

- [ {p-ir'\^nnv^\'dx. 

Jn 

Substituting this into (13. ip . and using that = on dfl, 

A„ [ </.>„rrfx= [ ViJn-V(j)dx>- [ {p-iy'\iJnnVip\^dx. 

Jn Jn Jn 

Rearranging gives the conclusion of the lemma. □ 

To prove the proposition, part (i) uses the result of Theorem 11.11 
that A„ — >■ — cx) as a — oo; parts (ii) and (iii) follow directly from (i). 

Proof of Proposition \1.3[ (i) Fix p > 2, n > 1 and Qq CIC and assume 
||'0n|Up(o) = 1- Let ip G C^{Q) be such that < < 1 in and (p = 1 
in Qq. Setting K := {p — 1)~^|| V(^||^cx)(t^) > 0, which depends only on 
p and fioj by Lemma [XT| 

A > ~^ 
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for all a > 0. Since A„ ^ — oo as a — * oo by Theorem 11.11 this forces 
/oo — as a ^ OO. 

p — q 

(ii) Fix 1 < q <p and e > 0. Choose Vte CC ^2 such that < 
£:/2, which we may do since p > q. Also choose > such that 



for all a > «£, which we may do by (i). Noting that p/q and p/{p ~ q) 
are dual exponents, Holder's inequality implies 



'-'nWhln) = / \i'n\'^dx+ / \lpn\'^dx 

Jn\n, 



for all a > by choice of and a^, and since < 1- 

(iii) Fix r > p. If we normalise so that ||^/'n||L'-(f7) = 1, then (ii) 
implies ||'?/'n||LP(f7) — *■ 0, so that 

YT~\\ ' °° ^^-2) 

as a — >• OO. Now re-normahse so that ||'?/'n||LP(f7) = 1- Since this does 
not affect (13. 2p . in this case 1 1 1 1 l'- (n) oo- D 
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